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What is a Linear Function ofAwo Variables?

Linear functions played a central role infone-variahle cale ecause many one-variable functions have graphs that look like a line
when we zoom . In two-variable caleulus, a freqr fizciios 1z one whose graph is a plane. In Chapter 14, we see that many
two-variahle functions have graphs which look like planez when we zoom in,
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What Makes a Plane Flat?

What makes the graph of the function z = (x, ¥) a plane? Linear functions of oxe variahle have straight line graphs because they ha
constant slope. On a plane, the situation 15 a hit more complicated. I we walle around on a tilted plane, the slope 15 not always the san
it depends on the direction i which we walle. However, at every point on the plane, the slope iz the same as long as we choose the
same direction. If we walk parallel to the x-ams, we always find ourselves wallang up or down with the same slope; the same 15 true
we walk parallel to the y-axis. In other words, the slope ratios Az/Ax (with v fized) and AzlAy (with x fized) are each constant,
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Example 1 f—

A phas sl‘ i the x direction and sln:u}jf -1 % the v direction. What 15 the equation of the
plane? —
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Solution

Finding the equation of the plane means constructing a formula for the z-coordinate of the point on the plane directly
above the point (x, ¥) mn the xy-plane. To get to that point start from the point above the origin, where z = 5. Then walk x
units i1 the x ditection. Since the slope in the x ditection is 2, the height increases by 2x. Then walk y units in the ¥
direction; since the slope in the y direction is -1, the height decreaszes by y units. Since the height has changed by 2x - ¥
units, the z-coordinate 15 5 + 2x - y. Thus, the equation for the plane is

z=5+42x—y.



If a plane haz slope # in the x direction, slop the py\'n, . Z0), then its equation is
\/ Pom -
This plane i the graph of the linear function = =
Jlx yl=zy+mix—xg) +xly —yp).
If we wnite © = zp - mxn - 20, then we can write F(x, ) in the equivalent form




A plane cuts the z-axis aoving in the y direction it has a slope of
3. Moving in the x directidr-ithas a slope of -8. Find an equation of the

plane.

7= -La3y ¥ X




Find an equation of the plane containing (1 ,2',‘3) with a
slope of 2 in the x direction and a slope of -1 in the y

direction.
Z =t ¥ (X XG\ oo (3,\6“)
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Find the equation of the plane passing through the pamts@, £ andih -0
w A \j = O
AX 2 AX =L
\ Az -2

=0luton

The first two pomts have the same x-coordinate, so we use them to find the slope of the plane in the y-direction. As the

y-coordinate changes from 0 to -1, the z-coordinate changes from 1 to 3, so the slope in the y-direction 1=

B =dAzftg =03 - 1(-1 - 00 =-2 The first and third points have the same y-coordinate, so0 we uge them to find the slope

i1 the x-direction; itiz m = AzfAx = (-1 - 1)/(3 - 1) =-1. Because the plane paszes through (1, 0, 1), itz equation iz
z=1l—-(x=1)=20p—=0) or 2=2—x—2y.

You should checl that this equation 15 also satisfied by the points (1, -1, 3) and (3, 0, -1



R= 39300 +34(4-100)+239 (F- )

Table 1210 Revenus from Ticket Sales (Dollars) | 0 0
P Full-price tickets 7

/mn\ 200 300 400

(200,35, 70063, 600w, 500 111, 400 S
_ et gy 40 400107, 300”127, 200 7
[Chstance tickets . .
aon {71, 3004 95, 200 119, 100243, 000 Find R(f,d)

*10 0 _SDD 27, 100 }/Tll, EIEID’L134, 200 ~158, 800

100082102, 300 ?126, 800 / 150,700 174, 400

|
Al 1582 AR L3400 - 239

f)é _ 28 BQ’lOQ

In every columry, the reverme jumps by $15, 800 for each extra 200 discount tickets. Thus, each colummn is a lnear function of the
mumber of discount tickets sold. In addition, every colutnn has the same slope, 15,800/200 =79 dollarsicket. Thiz is the price of a
discount ticket. Sivilarly, each row iz a inear function and all the rows have the same slope, 239, which 15 the price in dollars of a
full-fare ticket. Thus, & iz a inear function of Fand &, given by

R=2307F 4794
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A linear function can be recognized from its table by the followaing features:

« Each row and each column is hinear. \/
« Al the rows have the same slope. \/
« Al the columns have the same slope (althpdoh the slope of the rows and the slope of the columns are generally different).




The table contams values of a inear function. Fill in the blank and give a formula for the function,

—
My 15 20
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Solution

In the first column the function decreases by 1 (from 0.5 to -0.5) as x goes from 2 to 3. Since the function iz linear, it
trst decrease by the same amount in the second column. So the missing entry must be 1.5 - 1 =105 The slope of the
function in the x-direction is -1. The slope in the y-direction 15 2, since in each row the fiunction increases hy 1 when y
increases by 0.5, From the table we get (2, 1.5) = 0.5, Therefore, the formula is

Fla,y)=050—-x=-2)4+2(y—=151= —=05—-x 42y



< Find the equation of the linear function whoze contour diagram is in Figure 12 63, ’ i J
e
y ( O \

Suppose we start at the onigin on the z =0 contour. Mowing 2 units i the y direction takes us to the z = § contour; so the
slope in the y direction iz Azffy = 62 = 3, Similarly, a move of 2 in the x-direction from the origin takes us to the z =2
contour, so the slope in the x direction iz AzfAx = 2712 =1, Since (0, 1) =0, we have {(x, y) =x+ 3.
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Which of the tables of walues i Exercizes 3, 4, 5 and 6 could represent linear functions?
3.
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Which of the contour diagrams in Exercises 7 and 8 cmg represent inear functions? >
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0. Find the equation of the linear function z = ¢ + zx + sy whose graph co tamthpmt([lZl)and(EEl )

éz:_c i A%_’_‘L.-qS
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10. Find the linear function whose graph is the plane through the pl:uint (0,3, 0 and (0,0, 2).
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12. Find the equation o
yz-plane in the line

y-0 YTt o
t)g’/O t//"‘ 7((_0

f the lin functiunz = + mx + my whose graph ntersects the xz-plane in the d mtersects the
P
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13. Suppose that z 15 a linear function of x and y with slectiun and sl‘pe 3m thaf direction.

‘/ (a) A change of 0.5 x and -0.2 in y produces what change in 27

J (b) Ifz=2when x=>5 and y =7, what is the value of z when x =4.9 and y =7.27
—— — ——
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