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12.5 FUNCTIONS OF THREE VARIABLES

In applications of calculus, functions of any number of vanables can anse. The density of matter in the universe iz a function of three vanables,
since it takes three numbers to specify a point in space. Maodels of the US economy often use functions of ten or more wariahles. We need to he
ahle to apply calculus to functions of arbitrarly many vanables.

One difficulty with functions of more than two variables iz that it 15 hard to wisualize them. The graph of a function of one vanable 1z a curve m
2-space, the graph of a function of two variahles is a surface T epaceerthie oraph of a function of three variables would be a zalid in 4-space.
Since we can't easily wisualize 4-space, we won't use the graphs of functions of three vanables. On the other hand, it 15 possible to draw contour

diagrams for futieme TP Tee vanables, only now the contours are surfaces in 3-space.
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Representing a Function of Three Variables using a Family of Level

Surfaces - N -
—_ Ve ~ v

A& function of two vanables, (x, ), can be represented by a farmily of level curves of the form /7 (x, ) = ¢ for vanous walues of the constant, .

4 level swiface, or level set of a function of three vanables, £'(x, ¥, 2), 15 a surface of the form /' (x, ¥, z) = ¢, where ¢ 15 a constant. The
function f can be represefted by the v of lewel surtaces o v allowing < to vary. —




The temperature, 1 °C, at a pout (x, ¥, 2) 15 gven by T=7F(x, y, 2) = 2+ 312 + 2%, What do the level surfaces of the function ook
like and what do they mean in terms of temperature?
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What do the level surfaces of f(x, ¥, 2) = 4 y2 glx y 2) =m® /
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What do the lewvel surfaces cff(x, ¥, 2= * + y2 - ZZSUDk like?
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Figure 12.72



How Surfaces Can Represent Functions of Two Variables and Functions of
Three Variables T —
RS —

You may have noticed that we have used surfaces to represent functions i two different ways. First, we used a single surface to represent a two-variable
function f(x, ). Second, we used a family of level surfaces to represent a three-variable function g(x, ¥, ). These level surfaces have equation g(x, 3,
ZI=c

What 15 the relation between these two uses of surfaces? For e}gample, consider the function

C 2O FYiyn=x+y43

Define

The pouts on the graph of fzatsfy z = 2+ y2 +3, 80 us the graph of {1z the same 3¢ the level surface
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Awh of a two-variable function f(x, ¥) can be thought of as one member of the famly of level surfaces representing the
thfee-vanable function “
———

—_ glx,y,2)=fix,¥)—z

The graph of {15 the level surface g =10
4
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3. Writethelevelsurfacex+2y+32@5thegraphn a function £ (x, ¥). J(' /j\, ,\",
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4. Find a formul 1 {x, ¥, 2) whose level surfack 7 =g a sphere of radus 2, centered at the o{
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6. Find a formula for a function f(x, y, z) whose level surfaces are spheres centered at the pomt (a, &, €).
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—F(X/}’:eﬁﬁ()('@)*‘('} %)+ (2 -C)
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