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14.3 LOCAL LINEARITY AND THE DIFFERENTIAL
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contour map

Figure 14.21 Zooming i on a contour diagramn until the lines look parallel and equally spaced
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Zooming in on a table...

09 10 11
19 439 461 454
x 20 S o500 533

217514 541 574

y
nss,ad 40T
199,497 405 4099

x 2.03‘6.97 5.00\' 5.03
201 V501 5047 507
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Zooming in Algebraically: Differentiability

Lix,y).
p——

-—— Tangent plang

Point of contact belween
plane and surface: (a, b. fla. b)) -9 \
. +—— Surface z = f{x, y)
\

-.I'l

@ Figure 14.22 The tangent plane to the surface z =" (x, ) at the pomt (o, &)
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Quick Review: /-@
B8O

. . |
Find a tangent line r@ at x=1 ~ \ T
= = Y

[9‘:/‘1(K- X,) "'y, '
- ylxida
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How do we find the equation of the tangent plane at a

point (a,b)? _( (x)\&) O th\é ‘C(O\IQ

ot odtin) @Fat
@“ﬂ)"{;(’)“y “%(b 9*"(.( g e Foad 'Gg

Tangent Plane to the Surface 7 = f{x, y) at the Point («, D)
Azsuming iz differentiable at (o, &), the equation of the tangent plane 1s /

z=fla, b)+f la. b)(x—a)+ fyla D)y — &)
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Find the equation for the tangent plane to the surface z = X+ 97 at the poittt (3, 47,

£a2%
‘)EX (‘)‘\4) =23 _‘©
£~y
_(‘*(‘;J\-(\'. Y @

B’(x,a)= (e +la) +2°

2=254 6(x—3) + 8(y —4) = — 25+ 6x + By.

—
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Tangent Plane Approximation to f{x, 2-‘! for (x, ) Near the Point (w, D)

Prowided iz differentiable ‘t (a, &), )3 can a i x, V) X‘
Jix,0) (ﬂu-‘?)+?xfﬂ,3>)(x—a)+fy(ﬂ,f?)(y—fﬁ')-)

We are thinking of  and » as fixed, so the expression on the rght siie 1 mear o« and y. The right side of this approzimation is called

the local linearization of fnear x =a, y = &. =
—_— = —é

Feb 18-7:04 PM




True value of f{x. y)

Tangent plane approximation
to f(i, y)

Az~ ‘(x bx ¥ (a by
sla b)Ax + fyla. b)Ay
M - bx = DYy

fola, b)Az
- =
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Find the local ineanzation of f(x, y) = 2+ y2 at the pot &) stimate (2.9, 4.2) and /{2, 2) using the lineanzation and
cotnpare your answers to the true wahies. \ S —

Ly =25 - ) > iy 4)

) L2 2y= 25 (- g ~2)

Z S ==L
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Designing safe boiers depends on knowing how steamn behaves under changes in temperature and pressure. Steam tables,
such as Table 14.5, are published giving values of the function ¥=f(T, P} where Fis the volume (in ﬁ3) of one pound of

steam at a tetnperature T (in °F) and pressure 2 (in lbfi.ng).
ﬁ) Give a linear function approximating ¥ = #(Z, P) for T near S00°F and P near 24 /i

F7y

Table 14.5 Volume (in Cubic Feet) of One Pound of Steam at Various Temperatures and Pressures

() Estimate the volume of 2 pound of steam at a temperature gf 505°Fgnd a pressure

Pressure & (lbfm,L V 2\, %-—1\3 !J\

m o2 P 2
430 2785 2531 2319 21.39
s 2846 25.86 (23050 2188
Temperature T (°F) ¢ S
520 29.06 264192420 22.33 _)? L,ﬁ
Y . L07%%

540 2866 26.95 2470 2279

Feb 18-7:06 PM

Solution

(a) We want the local linearization around the point 7= 500, 2 = 24, which is
FUT Py F500, 24% 4 F (500, 240 (T = 5007 + F p(500, 243 (F = 24).
We read the value #(500, 24) = 23.69 from the table

Mext we approzimate £ 7(500, 24) by a difference quotient. From the P = 24 column, we compute the average rate of change between T= 500 and F= 520

F(520,24) — F(500,24) _ 2420 2368
20

Fr(500, 24) = =20 — 500

=0.0255

Mote that #7(500, 24) 15 positive, because steam expands when heated

Mext we approzimate # p(500, 24) by looking at the 7= 500 row and computing the average rate of change between P = 24 and P = 26
J (500, 26) — f£(500,24) _ 21.86-—23369 _
26— 24 z
Mote that #p(500, 24) is negative, because increasing the pressure on steam decreases its volume. Using these approzimations for the partial derivatives, we obtain

the local lne arization:

F (500, 247 = —0.915.

for T near S00°F

V= 7(T, P) e 2369 + 0.0255(T = 5003 — 0.915(F — 24) ft
S ¢ ) ¢ ) and P near 241b / in?

o) We are interested in the wolume at 7= 505°F and 2 = 24 3 hin®. Since these vahies are close to 7= 500°F and 2 = 24 lhfinz, we use the linear relation obtained in
part ()

¥ e 23.69 4+ 0.0255(503 — 500 — 0.915(24.3 — 24) = 23.54 .
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linearization of f(x, y, z) at {a, &, ) is given by
Flryaymflabe)t fabeix—a)t fplabe)y—5)+flabellz—c)

nt
Example: —F(X,Q’EB:. N e XYy v

® <€

'('\x = txpm W)zt &

rozamatong for functions of three or more vanables follow the same pattern as for funchions of two vanables. The local

Feb 18-7:07 PM

fif=f(x,y}—_g’_{a,b} Chanpe 19 £

Z/
*f@ :ix—l—f {cxbﬂy
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AI P

x—>o Ay=o
Q ﬂm”"’% ,,Aw.ru ’
-0

The Differential of a Function ; = f{x, y)
——

The differential, &7 {or ¢z), at a point {@, &) 15 the linear function of &x and &y given by the fo
—_— =7 ,la, %+ pla. by

The differential at a general point is often written off'= 7y dx + 7y dy.

d£= -Cx(«,b)éx 4 (;(‘»"a

Nenee———

A Az £
(hany 2 2 {ronx .
)= 7-,( g

Feb 18-7:10 PM

Compute the differentials of the followmg fanctions. ga—
I = WXL
A ) 7 )3 -,
2 S
e -5

(4) 153
dL- zxcﬂdn Sxe'g

'Cx"' \ cSim(xg) *X csxz) -
= Sin(x9) A Xy ¥/ (“l)_
X ( a.s('xa)ﬂc

{y: X
\ cos(x'r
J '( 5 n(x2) p,‘.a_(oj ()%,) dx 1 X{’-)(’(b)éa

(&) Since 14(x, y) = 226” and fyix, y) = 554, we hav
df = 27.25y dr+ 5xteay

) Since Az = sin (xy) + xy cos () and Gzidy =2 cos (xy), we have
dz = {sin(xp) -+ 7 cos (x¥))dx + xicos(xp)dy

() Since fx(x, ¥) = cos (2x) - 2x sin (2x) and Fy(x, ¥) = 0, we have
df = (cos(2x) — 2z sn(2x)) dx + 0 dy = (cos(2x) — 2xsmn(2x)) dx

Feb 18-7:12 PM
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. y 3 . . -
The density p (in g/em™) of carbon ag CO7 depends upon its temperature 7 (in °C) and pressure P (in atmnspheres)_ I

The ideal gas model for CO3 pives what is called the stat
= 61’ wH ?XI’ m‘ub
T and dP —

VB _
£.= D (Teran8) = Tewss

» T+273.15
Compute the differentiald& Ezplain the signs of the coeffictents o

- Y
£~ (53%3®) () (T+222u5) (1)
-~ —.SI0P
(T« w32.05)"

do-= 3383 _.57\3?\3‘\—

e

Ta11.5 T+.15)

dp >0y s(®Y 1
JT’dO) as(T ij
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